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The V aried -P ortion s Approach (VPA) o f Sinanoglu i s  used to  
bring the u su a l H artree-Fock pertu rb ation  th e o r ie s  o f  second-order  
o n e -e le c tr o n  p ro p er tie s  ( p o la r iz a b i l i t y ,  e t c . )  w ith in  the framework 
o f  a more g en era l method. T h e o re tic a l d i f f i c u l t i e s  in h erent in  a 
form al p ertu rb ation  th eory  treatm ent o f e le c tr o n  c o r r e la t io n  
c o r r e c tio n s  are avoided , and erro rs  in  v ar iou s approxim ations to  
the H artree-Fock p o te n t ia l  can be sy s te m a t ic a lly  stu d ied  by the  
th eory  d evelop ed . A c a lc u la t io n  i s  included which determ ines the 
s iz e  o f  such an error  when e le c tr o n  c o r r e la t io n  c o rr e c tio n s  to  the  
p o la r iz a b i l i t y  o f  neon are c a lc u la te d  u sin g  a sim p le , n o n -lo c a l  
p o te n t ia l  in  p lace  o f  the H artree-Fock p o t e n t ia l .
Part I I
The th e o r e t ic a l  id eas in  Part I  are extended to  tr e a t  
the long-ran ge in te r a c t io n s  o f  atom s. Although the s ta r t in g  wave- 
fu n ctio n  i s  th a t  o f  two H artree-Fock atom s, the method does n o t d e fin e  
any zero -o rd er  H am iltonian. C a lcu la tio n s are performed on the long- 
range R”s in te r a c t io n  between two helium  atom s, in c lu d in g  th ree and 
fo u r -e le c tr o n  c o r r e la t io n  e f f e c t s .  Through p a ir  e x c ita t io n s  an upper 
l im it  o f  1.32^3 a .u . to  the R 6 c o e f f ic ie n t  i s  found.
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PART I: VARIED-PORTIONS APPROACH
TO SECOND-ORDER PROPERTIES
I .  PROPERTIES INVOLVING ONE-ELECTRON OPERATORS
Although the fo llo w in g  appendices (Appendix I  to  be referred  
to  as Paper I )  con ta in  the e s s e n t ia l  fe a tu r e s  o f  the V aried -P ortion s  
Approach (VPA) and i t s  r e la t io n  to  p ertu rb ation  th eory , i t  should be 
emphasized here th a t the method i s  n o t i t s e l f  a p ertu rb ation  th eo ry .
I t  was d erived  from the energy v a r ia t io n a l  p r in c ip le  to  s p e c i f i c a l ly  
avoid some th e o r e t ic a l  d i f f i c u l t i e s  in h eren t in  o b ta in in g , from a 
pure p ertu rb ation  th eory  approach, e le c tr o n  c o r r e la t io n  co rr e c tio n s  
to  secon d -ord er, o n e -e le c tr o n  p r o p e r tie s  ( p o la r i z a b i l i t y ,  e t c . ) .
In a p ertu rb ation  th eory one i s  required  to  rep la ce  the
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in stan tan eou s e le c tr o n  r e p u ls io n s , the r ^  terms in  the H am iltonian, 
w ith  some more tr a c ta b le  p o t e n t ia l .  U su a lly , as in  the case o f  a 
H artree-Fock p ertu rb ation  th eo ry , some so r t  o f  o n e -p a r t ic le  in t e r ­
a c tio n  w ith  a p o te n t ia l  averaged over the m otions o f  a l l  the oth er  
e le c tr o n s  i s  in trod u ced . T his g iv e s  one a so lv a b le  unperturbed  
system , but i t  a ls o  makes th e p o t e n t ia l  n o n -lo c a l in  ch a ra cter .
I t  in c lu d es  even th e  in te r a c t io n  o f an e le c tr o n  w ith  i t s e l f ,  the  
s o -c a lle d  " s e l f -p o t e n t ia l"  term s. C onsequently, th e f i r s t  order 
pertu rb ation  eq u ation  i s  transform ed in to  a s e t  o f  coup led , in te g r o -  
d i f f e r e n t ia l  eq u a tio n s . T hese, o f  co u rse , can be so lved  to  zero -  
order in  e le c tr o n  c o r r e la t io n  by e i th e r  co n sid era b le  com putational 
e f f o r t ,  or some d ecou p lin g  procedure.
But, i f  one then a ttem p ts to  c a lc u la te  f ir s t - o r d e r  e le c tr o n
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c o r r e la t io n  c o r r e c t io n s , some d i f f i c u l t y  can a r is e  in  u s in g  a de­
cou p lin g  procedure. In f a c t ,  the c o r r e la t io n  co rr e c tio n  terms have 
p r e v io u s ly  on ly  been d er ived  fo r  one common form o f  uncoupled H artree- 
Fock p ertu rb ation  th eo ry , the s o -c a l le d  D algam o Uncoupled H artree- 
Fock Method, method ( c )  in  r e feren ce  (1 ) o f  Paper I .  The reason , as 
Paper I p o in ts  o u t, i s  th a t the common p r a c t ic e  has been to  use a 
double p ertu rb ation  th eory  a n a ly s is  and an in terchange theorem to  
o b ta in  e le c tr o n  c o r r e la t io n  c o r r e c t io n s . The advantage o f  such an 
approach i s  th a t  i t  g r e a t ly  s im p l i f ie s  the problem, because the 
c o r r e c tio n  terms can then be exp ressed  w ith o u t a need to  know the  
w avefunction  c o r r e c t  to  f ir s t - o r d e r  in  e le c tr o n  c o r r e la t io n ;  on ly  the 
o r b ita ls  a lrea d y  a v a ila b le  from the uncoupled c a lc u la t io n  are n e cessa ry . 
But, the d isadvan tage i s  th a t  the Dalgarno method i s  the on ly  one 
which can be su b jected  to  t h is  type o f  a n a ly s is .  For, s in c e  i t  i s  the  
o n ly  one th a t r e ta in s  the " s e l f -p o t e n t ia l"  terms in  the H am iltonian, 
i t  i s  the on ly  one th a t rem ains w ith in  p ertu rb a tio n  th eo ry . Other 
methods which lea v e  th ese  terms out no lon ger  f a l l  w ith in  the form alism  
because removing the s e l f - p o t e n t ia l  terms puts each e le c tr o n  in to  a 
d if f e r e n t  unperturbed system  ( i . e . ,  th e H artree-Fock p o te n t ia l  would 
be d if f e r e n t  fo r  each e le c t r o n ) .  For the o th er  uncoupled methods one 
could c a lc u la te  th ese  same term s, and th a t i s  the p r a c t ic a l  ch o ice  
made, but i t  i s ,  from p ertu rb ation  th eory  a t  l e a s t ,  n o t proper to  do so .  
T his may n o t seem a se r io u s  l im ita t io n  u n t i l  one r e a l iz e s  th a t em piri­
c a l ly ,  in  many in s ta n c e s , the d ecou p lin g  procedures n e g le c t in g  the  
s e l f - p o t e n t ia l  terms y ie ld  very  poor r e s u l t s .  C onsequently, one i s
3o fte n  faced w ith  on ly  bein g  ab le  to  r ig o r o u s ly  c o rr e c t a r e s u l t  which  
may be a poor zero -ord er  approxim ation.
I t  was to  escape t h is  dilemma o f  form al p ertu rb ation  theory  
th a t the V aried -P ortion s Approach was u t i l i z e d .  We avoid  the n e c e s s i ty  
o f d e f in in g  an unperturbed H am iltonian a t  the o u t s e t .  But, by tak in g  
the zero -ord er  r e s u lt  o f  H artree-F ock p ertu rb ation  th eory as a f i r s t  
approxim ation to  the w avefunction  in  the energy v a r ia t io n a l  procedure, 
the energy can be separated  in to  a H artree-Fock p a r t, p lu s a remainder 
in  the form o f  a v a r ia t io n a l  e x p r e ss io n . By proper p a r t it io n in g  o f  th is  
rem ainder, a l l  the d ecoupled , as w e l l  as the coupled , H artree-Fock  
methods can be d er iv ed , w ith  the advantage th a t now the e le c tr o n  
c o r r e la t io n  c o rr e c tio n  terms fo r  a l l  the methods are p r e d ic te d . An 
added b e n e f it  o f  the V ar ied -P o rtio n s Approach i s  th a t erro rs  introduced  
in to  the e le c tr o n  c o r r e la t io n  c o r r e c tio n s  to  a second-order property  
by u s in g  an approxim ation to  the tru e H artree-Fock p o te n t ia l  can now 
be s y s te m a t ic a l ly  s tu d ie d . A c a lc u la t io n  based on t h is  a sp ec t o f  
the V aried -P ortion s Approach i s  ca rr ied  out in  Appendix I I .
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I I .  PROPERTIES INVOLVING TWO-ELECTRON OPERATORS
As dem onstrated in  the p rev iou s s e c t io n s ,  th e V a r ied -P o rtio n s
Approach o f f e r s  s ig n i f i c a n t  th e o r e t ic a l  advantages over pure p ertu rb ation  
th eory  in  d e a lin g  w ith  p r o p e r tie s  rep resen ted  by o n e -e le c tr o n  o p era to rs . 
But a p o in t o f  in t e r e s t  i s  whether th e same advantage accrues in  the  
case  o f  p r o p e r tie s  in v o lv in g  tw o -e le c tro n  o p era to rs, such as the  
m u ltip o le  in te r a c t io n  of two atom s.
fo r c e s , a t  d is ta n c e s  where the m u ltip o le  expansion i s  v a lid  (no  
o v er la p ) can be transform ed from one tw o-cen ter  problem to  two one- 
cen ter  problem s. T his i s  p o s s ib le  because the second -order energy can 
be w r it te n  as the in te g r a l  over im aginary freq u en c ies  o f  the dynamic 
p o la r i z a b i l i t i e s  o f  the sep a ra te  atom s, A and B. For in s ta n c e , fo r  
the d ip o le -d ip o le  in te r a c t io n  one would have
The d e r iv a tio n  o f  equ ation  (1 ) i s  w e l l  documented in  many r e fer en ce s
[1 ]  [ 2 ]  and w i l l  n o t be repeated  h e r e . B ut, th e p o in t to  n o te  i s  
th a t a t  each frequency to the problem becomes th a t o f  c a lc u la t in g  the  
p o la r iz a b i l i t y  o f  each cen ter  s e p a r a te ly . T his i s  u s u a lly  done by a 
tim e-dependent H artree-Fock p ertu rb ation  th eory , and was the method 
used by Broussard and K estner [3 ]  to  ob ta in  the p o la r i z a b i l i t i e s  o f





neon. I t  i s  commonly re ferred  to  as th e o n e -cen ter  method, fo r  
obvious rea so n s .
Not a sm all p art o f  the advantage o f  such an approach i s  
th a t one can again  escape the n e c e s s i t y  o f  having to  know the in tr a -  
atom ic c o rre la ted  w avefunction  when c a lc u la t in g  e le c tr o n  c o r r e la t io n  
c o rr e c tio n s  to  a^(i(ju). As dem onstrated by D. F . Tuan [^ ] , and a lread y  
referred  to  in  Paper I ,  t h is  i s  made p o s s ib le  by the a p p lic a t io n  o f  
B r i l lo u in 's  theorem and an in terch ange theorem . B r i l lo u in 's  theorem  
in su res  th a t  the on ly  p art o f  the second -order w avefunction  th a t con­
tr ib u te s  to  the second-order energy i s  a c tu a l ly  a product o f  two 
low er-order e f f e c t s ,  two f ir s t - o r d e r  perturbed fu n c tio n s  a lread y  
a v a ila b le  from th e low er-order c a lc u la t io n .  The in terch an ge theorem  
e s t a b lis h e s  the eq u iva len ce  o f  m atrix e lem en ts o f  two d if f e r e n t  
p ertu rb ation s [ 5 ] [6 ] ,  the e x te r n a l f i e l d  and the error  in  the zero -  
order H am iltonian. Thus, one can c a lc u la te  the e le c tr o n  c o r r e la t io n  
c o rr e c tio n s  to  the second-order energy u s in g  j u s t  th a t  part o f  the  
second-order w avefunction  which does n o t co n ta in  in tra -a to m ic  c o r r e la t io n  
o r b it a ls  [ i f ] ,  This i s  an enormous s im p li f ic a t io n  o f  th e problem, 
and th e  V aried -P ortion s Approach was a b le  to  extend i t  to  methods 
where i t  p rev io u s ly  was not p o s s ib le .
R ecen tly , however, i t  has been su ggested  th a t perhaps 
an in terch an ge theorem could be used to  avoid  in tra -a to m ic  c o rre la ted  
w avefunctions even in  a tw o-cen ter  form u lation  [ 2 ] .  The advantage 
o f u s in g  a tw o-cen ter  method i s  th a t i t  i s  a s t a t io n a r y - s ta t e  
form ulation  o f the problem. Thus, in stea d  o f  having to  compute the
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p o la r iz a b i l i t i e s  a t  many d i f f e r e n t  im aginary freq u en c ies  in  order to  
carry out the num erical in te g r a t io n  o f  equation  ( l ) ,  one on ly  has 
one s t a t i c  p ertu rb ation  eq u ation  to  so lv e  fo r  the second -order energy .
In a double p ertu rb a tio n  form alism  Dalgarno [2 ]  has shown 
th a t fo r  r e a l  w avefu n ctions the second -order in te r a c t io n  energy can 
be expanded
The f i r s t  su p e r sc r ip t r e fe r s  to  the order in  in tra -a to m ic  e le c tr o n  
c o r r e la t io n  and the second to  in ter -a to m ic  e le c tr o n  c o r r e la t io n .
fu n c tio n  o f  the e le c tr o n ic  co o rd in a tes  r and p on c en ters  A and B; 
and U i s  th e  in ter -a to m ic  e le c tr o n  in t e r a c t io n , a fu n c tio n  o f  R, 
the d is ta n c e  between c en te r s  a t  la rg e  s e p a r a t io n s . In t h is  d is c u s s io n  
we s h a l l  co n s id er  on ly  the d ip o le -d ip o le  term in  the m u ltip o le  
in te r a c t io n , U(R~3 ) .  I f  i|r^° and ijf°° are id e n t i f ie d  as the H artree- 
Fock approxim ations to  the e ig e n fu n c t io n s  o f  th e sep arated  system s, 
then i s  id e n t ic a l  to  th e uncoupled H artree-Fock va lu e  obtained
from the s in g le -c e n te r  method, o f  equ ation  ( l ) .  The are
w avefunctions in c lu d in g  in tra -a to m ic  c o r r e la t io n  to  f i r s t - o r d e r .  These
•  •  • ( 2 )
where (3 )
and ;U > 2 )  =  2 < y ( i , o ) | u | Y ( o , i ) ^  +  <y ^0 , 1 ^ | v | y ^0 , 1 ^> .  ( * 0
V = v . ( r )  + v _ (p ) are th e in tra -a to m ic  e le c tr o n  in te r a c t io n s  as an JJ ’
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are the w avefunctions one can avoid  in  th e  o n e -cen ter  method. By 
u sin g  an in terchange theorem D algam o has shown th a t [6 ]
and th e ex p ress io n  no lon ger  co n ta in s  in tr a -c o r r e la te d  w a v efu n ctio n s.
lower order e f f e c t s ,  th is  procedure i s  o f  dubious advan tage.
C onsidering th e r e le v a n t p ertu rb a tio n  e q u a tio n s , we op erator  
analyze the r e le v a n t w avefu n ction s in  order to  sep ara te  the v a r io u s  
e f f e c t s  in to  th e terms o f the V a r ied -P o rtio n s Approach and Many- 
E lectro n  Theory o f S inanoglu . The n ecessa ry  p er tu rb a tio n  eq u ation s  
are
<Y( ° , 2 } | v |^ oq^oq) = <Y( 1 , 0 ) |U| Y( 0 , 1 ) > ^ (5 )
( 6 )
However, u n le ss  the c o n tr ib u tin g  p arts  o f  y^ * ^  are  products o f
(7 )
(H°-E°)Y^0 ’ + UY 0^ ’0  ^ = o
W riting H°-E° = E
i=
( 8 )
and U(R) = E w 
i ,  v
( 9 )
( in  our case we have w, a Z . Z  R~3 where the Z. are the z -c o o rd in a te s  ' i v  i  v i
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o f e le c tr o n s  i  and v; A rabic in d ic e s  on cen ter  A and Greek in d ic e s  
o f cen ter  B) th e op erator  s o lu t io n  to  the f ir s t - o r d e r  equation  [7 ]  [8 ] 
i s
y ( ° > = l0 E , (10 )
i , v  V
where = i];^ 0i|fg0 . The t|r£° and ijt°° are th e  p rev io u s ly  mentioned
H artree-Fock e ig e n fu n c t io n s  g iv en  by
= CXA(cp1(x 1 )cp2 (x 2 ) . . .c p N (Xjj ) )  = ofV(9 1 (l)cp2 (2 ) . . .c p N ( NA))  (11)
A A A
i.oo _
~ a  ^Cf5N.+1^XN.+1^ ' * *cPn_^XNti^  +i ( na +1^***cPn ^Nb ^ ’A A B B A B
where x i  stand s fo r  both the s p a t ia l  and sp in  co o rd in a tes  o f  e le c tr o n  i .  
For com pactness we a ls o  in trod u ce  th e  fo llo w in g  n o ta tio n :
r (A ; i)  = (cp1 ( l ) . . . c p i _ 1( i- l)c p i+ 1 ( i + l ) . . . c p N (NA))  (13 )
A
r(B; v) — (cp  ^ 4.i^Na+ ^^  *' ’^ v-l^  V" " ^ ^ v + 1 ^ * * ,cPn (V } *
A B
We then w r ite  A ° ’ ^  as
Y( 0 , l )  = -  Lq"1 S wiv  
i ,  v
= -  ( A x^ L o"1 S r (A ;i)r (B ;v )w iv cpi (i)cpv(v ) j  . (15)
i ,  v
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Reducing t h is  operator equation  [9 ] g iv e s
y ( ° , D  = E r (A ; i)r (B ;v )_ ^  w cpi (i)cp (v )}
i ,  v i  v
= -  S r ( A ; i ) r ( B ; v ) u ^ )  . ( l 6 )
i j  v
The must then s a t i s f y  the tw o -e le c tro n  equation
Thus, one se e s  th a t  y ^ *  ^  i s  e s s e n t ia l l y  a tw o -e le c tro n  e f f e c t  
between two c e n te r s . The e f f e c t  i s  rep resen ted  by the in ter -a to m ic  
p a ir  fu n c tio n  • For the d ip o le -d ip o le  case  and s p h e r ic a l ly  
symmetric atoms t h is  could be considered  as one p -e x c ita t io n  on each  
cen te r  r e s u lt in g  from the in ter -a to m ic  in te r a c t io n  U(R 3 ) .
U sing the same procedure on Y^0 ’ ^  we fin d
= L0 2 w . C^ QB{L0 2 r (A ;i)r (B ;v )w lv cpi (i)cpv ( v ) } .  (18 )  
j ,P  P i j  v
Depending on the v a lu e s  o f  the fou r in d ic e s ,  t h is  lea d s to  th ree  
d if f e r e n t  terms
Y ^ ’2) = c W t  E ( ^p)r(A ;i j  )r(B; pv)u^ \i  ( ( 1 9 )  
i , v 
3>P
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Y(^ 2) = Q^ O8- t |— { s  (p ^ v )r (A ; i ) r (B ;p v )u ^ }  (20)
i , p , v  p
^ (0 ,2 )  = s  r (A ; i )r ( B ;v )u (2)-j # ( 2 1 j
i> v
- 1 / 2  (2)The fa c to r  2 comes from the antisym m etry requirem ent th a t
be antisym m etric on one cen ter  o n ly . Because o f  the n e g le c t  o f
o v er la p , antisym m etry between c en ters  i s  n o t required [ 10] .
The second -order w avefu n ction , then , has th ree  p a r ts: a
( 2 )true second -order c o rr e la te d  p a r t, u ^  , a product o f  two low er-order
p a r ts , u | ^ u | ^ :  and a second -order p a r t, u ^ f^ . The f i r s t  two are  
v iv  jp i jp
tw o -e lec tro n  e f f e c t s  w h ile  th e l a s t  i s  a th r e e -e le c tr o n  e f f e c t .  I t  
i s  th is  w avefunction  th a t one would choose to  use in  a V aried -P ortion s  
Approach. F ollow ing e a r l i e r  work contain ed  in  Paper I ,  one can put 
th e w avefunction  Y = 0 ,0  ^ +  y^0 , 2  ^ in to  E < and
d er iv e  a v a r ia t io n a l ex p ress io n  from which the uncoupled H artree-Fock  
p ertu rb ation  eq u ation s fo r  tw o -e le c tro n  op erators emerge as s p e c ia l
c a s e s . But, i t  i s  im m ediately ev id e n t th a t ,  in  the energy m atrix
elem ents fo r  E $ i’ 2 \  on ly  th e  u^2  ^ and u | ^ u [ ^  c o n tr ib u tio n s  from AB iv  iv  jp
y ( 0 , 2 )  v a n ish . The th r e e -e le c tr o n  e f f e c t  does n o t v a n ish , nor has 
a way been found to  exp ress i t  as a low er-ord er e f f e c t .
In co n c lu s io n , th en , the approach used in  the o n e -e le c tr o n  
operator case does not bear f r u i t  in  the tw o -e le c tro n  op erator c a se .  
One cannot escape the requirem ent o f  need in g  to  know the in tra -a to m ic  
co rre la ted  w a v efu n ction s, as long as one has form ulated th e problem  
as a s ta t io n a r y - s ta t e  tw o -cen ter  problem .
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PART II:  LONG-RANGE INTERACTION OF HELIUM ATOMS;
STUDY OF THREE AND FOUR ELECTRON 
CORRELATION EFFECTS
I I I .  MANY-ELECTRON THEORY OF ATOMS
INTRODUCTION
The c a lc u la t io n s  done in  t h is  chapter are based on the  
M any-Electron Theory o f S in an og lu . I t  i s  covered in  grea t d e t a i l  
in  s e v e r a l e x c e l le n t  a r t i c l e s  and review s [ l ] - [ 5 ] »  an  ^ l i t t l e  or 
n oth in g  could be added to  th e  d is c u s s io n s  contained  th ere in  by an 
in t r ic a t e  d is c u s s io n  h e r e . N e v e r th e le ss , in  order to  understand  
the s ig n if ic a n c e  o f  the e f f e c t s  and approxim ations used in  th is  
c a lc u la t io n , i t  would be h e lp f u l  to  cover th e s a l ie n t  p o in ts  in  
the ph ilosophy o f  the M any-Electron Theory b e fo re  d e r iv in g  the  
eq u ation s ap p rop riate  to  the long-ran ge in ter -a to m ic  fo rces  con­
sid ered  h e r e . T his d is c u s s io n  w i l l  be lim ite d  to  c lo sed  s h e l l  
atom s, s in c e  the e x te n s io n  to  n o n -c lo sed  s h e l l s  in v o lv es  fea tu res  
o f  l i t t l e  use to  the c a lc u la t io n s  la t e r  perform ed.
ORBITAL PICTURE OF ATOMS
By in tro d u c in g  atom ic u n its*  one may w r ite  the ex a ct  
H am iltonian o f  an N -e le c tr o n  atom ic system  as
H = -  \  SN Vf -  ZN j -  + E ^  , (1 )
i = l  . i = l  i  i< j i j
*ti = m = e = l ;  th e u n it  o f  energy i s  the H artree = 27 .2 1  ev . 
the u n it  o f  d is t ln c e  i s  the Bohr = .52917 A; e = charge on the e le c tr o n ;
m = mass o f  e le c tr o n ,  e
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where Z d en otes the n u c lea r  charge. Any system  can then be describ ed  
com p lete ly  by th e Schroedinger equation
— i f  one could so lv e  i t .  T h is , fo r  atoms o f  cou rse , i s  on ly  p o s s ib le  
fo r  the hydrogen atom, where a n ic e  ta n g ib le  o r b ita l  p ic tu re  em erges. 
I t  i s  s a t i s f y in g  because th ere  i s  a "place" to  "put" each e le c tr o n ,  
and each i s  thought o f as having some so r t  o f  p h y s ic a l r e a l i t y .
This o r b ita l  p ic tu r e  i s  q u ite  a p p ea lin g , and even when carr ied  over 
to  la rg er  system s in  ju s t  a q u a l i t a t iv e  sen se  i t  has been resp o n sib le  
fo r  e lu c id a t in g  most th a t i s  known about chem ical s tr u c tu r e . So, 
the fundam entally  a b s tr a c t  nature o f  quantum th eory  and i t s  wave- 
fu n c tio n  n o tw ith sta n d in g , t h i s  o r b ita l  p ic tu re  c le a r ly  p o sse sse s  
some fundam ental v a l id i t y .
la r g er  system s by S ch roed in ger' s equation  we seek  s o lu t io n s  th a t  
a llo w  one to  w r ite  the w avefunction  fo r  an N -e le c tr o n  system  as  
some so r t  o f  product o f  o n e -e le c tr o n  fu n c tio n s
EXACT = EY,EXACT ( 2 )
To m aintain  the p ic tu re  and y e t  q u a n t ita t iv e ly  tr e a t
(3 )
where x^ stand s fo r  both s p a t ia l  and sp in  co o rd in a tes  o f  e le c tr o n  i .  
The q, (2  ) are thus s p in o r b i t a ls . The e x c lu s io n  p r in c ip le , o f  cou rse ,
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req u ires  t h is  be an tisym m etrized ,*
( * )
but the im portant th in g  i s  th a t t h is  form im p lie s  independence o f  
the o n e -e le c tr o n  fu n c t io n s , or o r b ita ls  cp^ . Such a s o lu t io n  i s  on ly  
p o s s ib le  i f  the ex a ct H am iltonian i s  decomposable in to  a sum o f  
o n e -e le c tro n  terms
In gen era l one i s  unable to  do t h is  e x a c t ly ,  so an approxim ation i s  
made. For t h i s  d is c u s s io n  we assume i t  i s  the common H artree-Fock  
one. I t  g iv e s  th e b e s t  o n e -e le c tr o n  o r b ita ls  to  use in  w r it in g  
equation  (*(•) by l e t t in g  each e le c tr o n  move in  a p o te n t ia l  averaged  
over the m otions o f  th e o th er  e le c tr o n s  in  the system . Each o r b ita l  
i s  found to  s a t i s f y  an e f f e c t iv e  Schroedinger equation
H = hx + h£ + . . .  + hN (5 )
(6 )
where (7a)
*In n o n -c lo sed  s h e l l  system s the w avefunction  i s  com plicated  
by the need to  use s e v e r a l terms o f  t h is  g en era l form, but on ly  c lo sed  
s h e l l  system s are consid ered  h ere .
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hi  = -  T  V1 " 7 “ » (Tb)
are th e  o r b it a l  e n e rg ie s  g iven  by
0i  = <cPi^1 ) | h i f f | cP i(i ) )  +  s  { <cpj(i )cp?( J ) 1*^“ ! J )>
j^ i  J i j  J
-  < tp j( i)c p ? (j ) |~ - |c p ° ( i)c p ° ( j ) )}  , ( 8 )
HFand i s  th e fa m ilia r  H artree-Fock p o t e n t ia l .  T his d e f in e s  a 
zero-ord er  system  by the H am iltonian
H° = E h f f  = E ( h °  + Vi ) , (9 )
where the H artree-Fock w avefunction  i s  th e antisym m etrized product 
o f  s p in o r b ita ls  cp^  from eq u ation  ( 6 ) .  The d if fe r e n c e  between the  
ex a c t H am iltonian and H°,
H1 = E -  EV ®  , (10 )
i< j  r i j  i  1
i s  then tr ea ted  as th e erro r  in  the H° approxim ation ( in  the language 
o f  p ertu rb ation  theory H° i s  the unperturbed sy stem ). The H artree- 
Fock energy i s  then g iv en  by
erf = <y° | h | y° ) ( 11 )
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The p ic tu re  g iven  by the H artree-Fock approach has had a 
g rea t d ea l o f  su ccess  in  accou ntin g  fo r  much q u a l i ta t iv e  chem ical and 
sp e c tro sco p ic  b eh a v io r . N e v e r th e le ss , c a lc u la t io n s  o f  th e  energy o fte n  
y ie ld  la rg e  d isc re p a n c ie s  when compared w ith  experim ent. In c e r ta in  
ca se s  the form ation o f  s ta b le  m olecu les may not even be p red ic ted  [ 1 ] .  
O bviously , th en , a theory th a t on ly  accounts fo r  the average in te r a c t io n  
p o te n t ia ls  o f  the e le c tr o n s  can be in  se r io u s  e rr o r .
MANY-ELECTRON THEORY
O b je c t iv e s .--T h e  prev iou s s e c t io n  em phasizes th a t r e s u lt s  
o f H artree-Fock th eory , w h ile  o fte n  q u a n t ita t iv e ly  in  e rr o r , s t i l l  
seem to  bear out the fundam ental c o rr e c tn ess  o f  the o r b ita l  p ic tu r e .  
N e v e r th e le ss , the la rg e  d isc re p a n c ie s  in  the H artree-Fock approach  
in d ic a te  th a t d e v ia tio n s  from the average p o te n t ia l  must be con­
sid ered  in  accu rate  c a lc u la t io n s .  The d if fe r e n c e  between th e a c tu a l ,  
n o n - r e la t iv i s t i c  energy and the H artree-Fock energy i s  due to  the  
d if fe r e n c e  between the ex a ct in te r a c t io n s  and the averaged in t e r ­
a c t io n s .  That i s ,  one i s  r e a l ly  d e a lin g  w ith  co rr e la te d  m otion o f  
th e  e le c tr o n s ,  and the error  in  the energy i s  c a lle d  the c o r r e la t io n  
en ergy . In view  o f  t h i s ,  the M any-Electron Theory co n fro n ts  the  
N -e le c tr o n  problem w ith  the fo llo w in g  o b je c t iv e s  [1 ]  [2 ]:
1 . recogn ize  the sem i-em p ir ica l su ccess  o f  the  
o r b ita l  p ic tu r e
2 . s y s te m a t ic a lly  co n sid er  th e v a r io u s c o n tr ib u tio n s  
to  e le c tr o n  c o r r e la t io n
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3 . develop  a method which does n o t become r a p id ly  more 
d i f f i c u l t  as th e number o f  e le c tr o n s  in c r e a se s  
m aintain  a p h y s ic a l p ic tu re  in  th e  w avefu n ction .
R e la tio n  to  P ertu rb ation  Theory.--A lth o u g h  the M any-Electron  
Theory approach to  the long-range in te r a c t io n s  o f  helium  in  t h is  
d is s e r ta t io n  i s  a c tu a lly  handled from the V ar ied -P o rtio n s Approach 
v iew p o in t, when d is c u s s in g  the id eas in  gen era l i t  i s  more in s tr u c t iv e  
to  r e la te  i t  to  pertu rb ation  th eory . I t  i s  somewhat e a s ie r ,  th en , to  
id e n t i f y  the v a r io u s e f f e c t s  as th ey  en ter  the th eo ry . But, in  the  
a c tu a l c a lc u la t io n  t h is  i s  not n e c e ssa ry , in  fa c t  n o t even d e s ir a b le ,  
and t h is  w i l l  be poin ted  out a t  the proper tim e.
The e ig en v a lu e  problem
HY a EY (12)
i s  eq u iv a len t to  f in d in g  a Y such th a t
6 {< y |h |y )  /  <y|y>} = 0 , ( 13)
where 6 stands fo r  a l l  p o s s ib le  v a r ia t io n s  in  th e w avefu nction  Y. 
Furtherm ore, i f  Y i s  the lo w est s t a t e  o f  an ir r e d u c ib le  r e p r e se n ta tio n , 




( I k )
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I f  one expands as fo llo w s
E = E + E1 + . . .  (15a)
H = H° + H1 (15b)
Y = Y° + x  (1 5 c )
where H°Y° = E°Y° , ( l5 d )
one g e ts
„  ^  _ ( l g )  
< v ° ^ |’t0-hT>
Assuming <Y°|Y°> = 1 and c le a r in g  E° +  E1 from th e numerator, a b i t  
o f  a lg e b r a ic  m an ipulation  w i l l  g iv e
E < E1 + E° + Er (x ) , (17 )
where E,.(y) = a <^°|q|x> + <X I ^ IX > + <xH x>  , (18 ,
1 + 2 < t° |x >  + <x|x>
w ith  q = H1 -  E1
and e = H° -  E °.
32
Sin ce in  many c a se s  i t  i s  n o t p o s s ib le  to  make the e n t ir e  
Er (x ) s ta t io n a r y , one can m inim ize j u s t  a la rg e  p o r tio n  o f  i t .  A 
major part th a t can be made s ta t io n a r y  i s
2 <Y °M x> + < x h |x >  > (19)
b u t t h i s  ju s t  y ie ld s  the v a r ia t io n a l  e x p r ess io n  one would fin d  e q u iv a len t  
to  so lv in g  th e f ir s t - o r d e r  p ertu rb a tio n  e ig en v a lu e  problem . So, a t  the  
minimum, £  i s  ju s t  th e Y1  found from ord inary R ale igh -S ch roed in ger  
p ertu rb ation  th eo ry . The e x te n s io n  to  h ig h er  orders in  p ertu rb a tio n  
theory has been d iscu ssed  by S inanoglu  [ 7 ] .
Note th a t  go in g  from eq u ation  (1*1-) to  eq u ation  ( l 6 ) corresponds 
to  adding and su b tra c tin g  a p o t e n t ia l  V to  th e t o t a l  H am iltonian and 
r e -w r it in g  th e num erator. In any c a lc u la t io n  the r e s u l t  from equation  
( lh-) would be eq u iv a len t to  th a t  from eq u ation  ( 1 6 ); the terms when 
expanding th e numerator may appear in  d i f f e r e n t  p la c e s ,  but th ere  i s  
no fundamental d if fe r e n c e  in  th e two s ta r t in g  p o in ts .  They are both  
a v a r ia t io n a l  approach, and th e V a r ied -P o rtio n s Approach would su g g est  
th a t th e numerator o f  equ ation  ( 1 8 ) be s p l i t - u p  and a la rg e  p a r t, 
such as eq u ation  (19)> he m in im ized. C om putationally , i t  i s  e a s ie r  
to  apply th e V aried -P ortion s Approach to  eq u ation  ( lM ,  but p h y s ic a lly  
i t  i s  e a s ie r  to  see  the e f f e c t s  in  th e  M any-Electron Theory by s ta r t in g  
from eq u ation  ( 1 6 ) as we have done h e r e .
I f  th e p o te n t ia l  V i s  chosen as th e H artree-Fock p o t e n t ia l ,
HFV , equation  (1 7 ) becomes
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E < EHF + ER(£ )  • (2 ° )
For c lo sed  s h e l l  system s the M any-Electron Theory u s u a lly  s t a r t s  
from t h is  eq u a tio n . I t  i s  e q u iv a len t to  reco g n iz in g  th e  H artree- 
Fock w avefunction  as th e  b e s t  f i r s t  e stim a te  fo r  any m any-electron  
system . C o rre la tio n  i s  then in trod uced  in  £  in  such a way th a t the  
major e f f e c t s  can be r ig o r o u s ly  is o la te d  and reasonab le approxim ations 
made based on chem ical or p h y s ic a l ev id en ce . H op efu lly , th e N -e lec tro n  
problem w i l l  reduce to  a s e r ie s  o f  fe w -e le c tr o n  problem s.
F lu c tu a tio n  P o t e n t ia l . — In o b ta in in g  eq uation  (20 ) one 
tak es the ex a c t H am iltonian
H -  I  " I  +  &  Si j  (2 D
and sep a ra tes  i t  in to  an in d ep en d en t-e lec tro n  part (th e  unperturbed  
system )
H° = E (h? + V P )  , (22 )
i
and a r e s id u a l p o t e n t ia l  p art
H1 = E g . ,  -  E v f  (23)
i< j  J i
so th a t H = H° + H1 and E-jr, = E° + E1 . One then has the fo llo w in g
H r
r e la t io n s  [1 ] :
3k
H -  EHF = H° -  E° + H1 -  E1 ( 2 k )
= Z e ,  + S m ( 25 )
i  i< j  3
e i  = hi  + Vf  “ e i  (26 )
E m = H1 -  E1 (27 )
i< j  J
The q u a n tity  m^ r ep resen ts  the in stan tan eou s d e v ia tio n  o f  the p o te n t ia l  
between e le c tr o n s  i  and j from the average H artree-Fock v a lu e  and i s  
c a lle d  the f lu c tu a t io n  p o te n t ia l  [1].  S u b stitu tin g  t h is  in to  ER(x) 
one g e ts
e r (x> -  +  ( 28 )
1 + <xlx>
This form su g g ests  th a t one might co n sid er  most o f  th e c o r r e la t io n  
to  be caused by " c o l l is io n s "  between p a ir s  o f  e le c tr o n s .
M any-Electron W avefunction. —Any ex a c t w avefunction  can 
be w r itte n
Y = Y° + x  (29 )
(w ith  proper n o rm a liza tio n ) where Y° i s  the c lo sed  s h e l l  (or  n o n -c lo se d ,
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but we on ly  con sid er  the former h ere) H artree-Fock w avefunction  and 
X i s  ev ery th in g  l e f t  o v er . In p a r t ic u la r  one req u ires  ( ¥ ° |x )  = 0 to  
com p lete ly  sep arate  the two p o r t io n s . The Y°, th en , puts in  the 
average r ep u ls io n s  o f  th e e le c tr o n s ,  and x  b rin gs in  the r e s id u a l  
e le c tr o n -e le c tr o n  e f f e c t s  due to  th e  f lu c tu a t io n  p o t e n t ia ls  [ 2 ] .
I t  c o rr e c ts  fo r  the " c o l l is io n s "  among p r o g r e s s iv e ly  la r g e r  numbers o f  
e le c tr o n s  in  th e H artree-Fock " sea" . One says th a t  such a c o l l i s i o n  
occurs i f  two e le c tr o n s  come w ith in  range o f  th e ir  m^^.
Hence, fo r  a c lo se d  s h e l l  system  the M any-Electron Theory 
ex a ct c o r r e la t io n  w avefunction  i s  [1 ]
x  = E { f , }  + 2 {U } +  E {U } + . . .  , (30)
i  1 i< j  j i j k  1Jk
where { f ^  = G CrCAji)^}
e t c .  (s e e  eq u ation  ( I I : 13) fo r  n o t a t io n ) ,  and each term takes in to  
account c o r r e la t io n  among la r g e r  and la r g e r  c lu s t e r s  o f  e le c tr o n s .  
Each c o r r e la t io n  fu n ctio n  i s  orth ogon al to  a l l  s p in o r b ita ls  occupied  
in  Y° and t h is  i s  denoted by the c a r a t . T his o r b ita l  o r th o g o n a lity  
in v o lv es  two e f f e c t s  fo r  a g iv en  c o r r e la t io n  fu n ctio n :
(a )  o r th o g o n a lity  to  i t s  own o r b it a ls
(b ) o r th o g o n a lity  to  a l l  o th ers  occupied in  Y°.
E ffe c t  (a )  comes about because c o r r e la t io n s  in v o lv in g  fewer e le c tr o n s
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have been sep arated  out in  some o th er  term; e f f e c t  (b ) means th a t when 
e le c tr o n s  i  and j are c o r r e la t in g  w ith  one another th ey  are prevented  
by th e P a u li p r in c ip le  from going in to  o r b it a ls  k f i , j  o f Y0 a lread y  
occu p ied . For t h i s  reason (b ) i s  r e ferred  to  as th e  e x c lu s io n  
e f f e c t  [ 2 ] .
The w avefunction  in  eq u ation  (3 0 ) i s  s t i l l  n o t d e ta ile d
enough because i t  f a i l s  to  d is t in g u is h  between two typ es o f  e le c tr o n
c o r r e la t io n . For in s ta n c e , a fo u r -e le c tr o n  term u ( . , ,  could mean ai j k l
tru e  four-body c o l l i s i o n ,  or i t  could mean two two-body c o l l i s i o n s  
occu rin g  a t  th e  same "time" in  d if f e r e n t  p arts  o f  the s e a . These 
sim ultaneous c o l l i s i o n s  are o n ly  im p lic i t  in  equation  (3 0 ) , but 
in  analogy to  s t a t i s t i c a l  m echanics one could d is t in g u is h  lin ked  
and un link ed  c lu s te r s  in  the w avefu n ction . In doing t h is  we would 
w r ite , fo r  in s ta n c e ,
+  V  ( 3 1 a )
ui j k  ° i j k ^ £i £j £k + £i  + £j +  £k ^  +  “ ijk ^  ’ ' 51b*
where each u ' „  would c o n s is t  o f  a l l  p o s s ib le  antisym m etrized  
i j  • .N
products o f  the preceed in g  fe w e r -e le c tr o n  terms n o t co n ta in in g  any
in d ic e s  in  common (O ., „  i s  the antisym m etrizer fo r  the e le c tr o n s
i j  •  •
denoted by i t s  s u b s c r ip ts ) ,  and a new l in k e d -c lu s te r  term u . . „
Ij • •
w ith o u t the prim e. The e x a c t x ,  th en , co n ta in s
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/ \ A( i )  the e f f e c t  o f  c o r r e la t io n  o f  o r b i t a l s ,  f
( i i )  tw o -e lec tro n  c o r r e la t io n s ,
( i i i )  m any-electron  c o r r e la t io n s , the o th er
( i v )  unlinked c lu s te r s  o f  th ese  term s.
I f  th is  ex a ct i s  used to  determ ine th e t o t a l  energy
would be
However, th is  a p p lie s  on ly  to  the ex a ct E and ■%. I t  i s  n ot a u se fu l  
theory y e t  because the m any-electron  terms are n o t n e c e s s a r i ly  de­
coupled and may very  w e ll  depend upon one an oth er. The th eory  a t  t h is  
p o in t i s  p u rely  a form al one, no method has been d e fin ed  fo r  c a lc u la t in g  
th ese  e f f e c t s  in  some sim ple way.
To a r r iv e  a t  th e s im p le s t  r e a l i s t i c  th eo ry , one must 
examine the magnitudes o f
most o f  the c o r r e la t io n  i s  caused by p a ir  in t e r a c t io n s ,  we should  
ex p ect c o r r e la t io n s  in v o lv in g  more than two e le c tr o n s  to  be sm a ll. 
T his co n c lu sio n  i s  indeed supported by co n sid er in g  the e f f e c t  o f  
antisym m etry on the r e la t iv e  p o s it io n s  o f  the e le c tr o n s  and the range
(32)
( i )  the f,^
( i i )  the p a ir  c o r r e la t io n s  u ^
( i i i )  n -e le c tr o n  c o r r e la t io n s  (n > 2 ) in  ■%.
Workable Theory. — I f ,  as th e form o f  equation  (2 8 ) su g g e s ts ,
The r e la t iv e  d is t r ib u t io n  o f  e le c tr o n s  in  Y° depends on
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the m olecular geometry and th e Fermi h o le s  between l ik e - s p in  o r b i t a l s .
C onsidering any th ree  e le c tr o n s  in  th e H artree-Fock sea  which might
come near each o th er , a t  l e a s t  two o f  th e se  w i l l  have the same sp in
and the e x c lu s io n  p r in c ip le  w i l l  tend to  keep them a p a rt. Furthermore,
-1
the m, .  are n o t long-ran ge l ik e  the r . .  in te r a c t io n ;  th ey  u su a llyi j  i j
d ie  out b efo re  reach in g  the th ird  e le c tr o n  [ 2 ] .  These arguments 
are confirm ed by H artree-Fock p lu s C o n fig u r a tio n -In ter a c tio n  c a l ­
c u la t io n s  on the B ery lliu m  atom and L ith ium -hydride m olecule [8 ]  [ 9 ] .  
T rip ly  e x c ite d  c o n fig u ra t io n s  (corresp ond ing  to  th r e e -e le c tr o n  
c o r r e la t io n s )  were found to  be in s ig n i f i c a n t .  A lso , what appeared 
to  be fo u r -e le c tr o n  e f f e c t s  were la t e r  [2 ]  shown to  be ju s t  products 
o f  two tw o -e le c tro n  e f f e c t s .
A
The f^ rep resen t th e e f f e c t  o f  c o r r e la t io n  on the o r b ita ls ;  
th a t i s ,  the change in  the e le c tr o n  d is t r ib u t io n  caused by c o r r e la t io n .  
T heir e f f e c t  on the energy has been examined in  d e t a i l  [1 ]  [h-] and 
i t  was found to  be unim portant. T his m erely confirm s the e a r l i e r  
prem ise th a t the H artree-Fock Y° w avefunction  provides a v a lid  
s ta r t in g  p o in t uo b eg in  c o n s tr u c tin g  a th eory  accou n tin g  fo r  e le c tr o n  
c o r r e la t io n .
T herefore, the p a ir  c o r r e la t io n s  and t h e ir  un linked c lu s te r s  
become the working w avefu n ction  from which to  d evelop  eq uation  ( 2 8 ) 
in to  a u s e fu l  form. The c o r r e la t io n  w avefunction  x  fo r  a c lo sed  s h e l l ,  
N -e le c tr o n  system  in  then taken as  [3 ]
■^s ^s ^ ss  ^ s s s  • • • » (33
where x„ ~ s  r ( A ; ij ) u  } = S {u } ( 3k)
8 i< j  i j  i< j
1
* s s  = S S r (A ; ijk l) f i  ft } = S S { h .,f ik l 3 (35)
ss  ** i< j  k<l Ki i< j  k<l k i
i , j # c , l  i j^ k l
e t c . ,
and the prime on Xg in d ic a te s  the in c lu s io n  o f  un linked  c lu s te r  term s.
I t  i s  im portant to  n o te  the fo llo w in g  advantages o f  th is  form:
( i )  I t  i s  n o t an i n f i n i t e  s e r ie s  (con trary  to  C on figu ration -
In te r a c t io n  methods) i f  the system  has a f i n i t e
number o f  e le c tr o n s .
( i i )  I t  i s  in  a v ery  d e ta ile d  form so th a t each term can
be examined and sy stem a tic  approxim ations made to
th e u ^ j1s .
( i i i )  The u ^  are in  c lo se d  form.
I f  we now s u b s t it u te  x / in to  equ ation  (2 8 ) we g e ts
BR(x'> -  ^  A
1 + <*slxs>
The m atrix elem ents in  the numerator reduce to :
This g iv e s  the f in a l  u sa b le  form o f equation  (28 ) in  the M any-Electron 
Theory as
v R(x's ) = Z Q±j *j + • (39 )
i< j D7^  ^ D 7
The q u a n t it ie s  in  t h is  ex p ress io n  are g iv en  by
e i j  = 2 <ai j ( cPicPj) lmi j l " i j >  + ^ i j l e i  + e j + mi j l * i j >  (lf0)
D' = i  + <xs lxs > + <xs s lxss> + ••• (M)
R ” Z ^ ^ i^ k j  I I  ® ijk (u ik cPj * (^2)
The D , . i s  D7 w ith  a l l  terms in v o lv in g  u . .  l e f t  o u t . 
i j  i j
I t  has been dem onstrated [3 ] th a t
In t h is  case equ ation  (3 9 ) would be c lo s e ly  approximated by
(fc5)
I f  one argues th a t the p a ir s  are independent, one can then m inim ize 
each p a ir  in  equ ation  (^5) s e p a r a te ly , n e g le c t in g  th e cou p lin g  e f f e c t s  
ft. Each such p a ir  g iven  by
< 1  -  t * -
i s  then re ferred  to  as an " exact p a ir ."  They are the same r e s u lt
symmetry-adapted p a ir  fu n c tio n s  are u sed , then the "exact pair"  
approxim ation to  th e  energy i s  q u ite  good, a t  le a s t  fo r  f i r s t  row 
atoms and m olecu les [ 1 1 ] .
For sake o f  d is c u s s io n  i t  i s  con ven ien t to  r e la t e  th e above 
m atrix  e lem en ts to  diagrams in  the fo llo w in g  way:
one would g e t  i f  a t r i a l  w avefunction  co n ta in in g  o n ly  one u . .s i j








The s o l id  l in e  rep resen ts  a p a ir  c o r r e la t io n  in  the w avefunction  and 
the d o tted  l in e  corresponds to  the op era tion  o f  a f lu c tu a t io n  p o te n t ia l
These are exp ected  to  be sm all fo r  th e same reason  th a t we e a r l ie r  
con sid ered  th r e e -e le c tr o n  c o r r e la t io n s  to  be sm a ll. The quadrangles 
rep resen t fo u r -e le c tr o n  c o r r e la t io n s  w hich, in  view  o f  the ex c lu s io n  
p r in c ip le ,  are even l e s s  l ik e ly  to  occur than th ose  between th ree  
e le c tr o n s .
In th e n ex t chapter e x te n s io n  w i l l  be made to  d isp e r s io n  fo r c es  
between atom s. However, th e atom ic approach was sim p ler , and q u ite  
adequate to  i l l u s t r a t e  th e im portant p o in ts  o f  the th eory .
m^j. The R co n ta in s  the sum o f  many (n > 3 )" e l e c t r on c o r r e la t io n s  






T his d is c u s s io n  so  fa r  has been lim ite d  to  s in g le  atom s.
IV. DISPERSION FORCES
INTRODUCTION
The e s s e n t ia l  fe a tu r e s  o f  a workable M any-Electron Theory 
accou ntin g fo r  e le c tr o n  c o r r e la t io n  were developed in  the previous  
chapter w ith  th a t d is c u s s io n  d e a lin g  on ly  w ith  c lo sed  s h e l l  atom s.
I t  now remains to  extend the th eory to  the s p e c i f ic  case trea ted  
h ere , th a t o f  the in te r a c t io n  o f two c lo se d  s h e l l  atoms a t  in t e r -  
n u clear  d is ta n c e s  where overlap  i s  e s s e n t ia l l y  z er o . These d isp e r s io n  
" fo rces" , as th ey  are named, turn out to  be a p u rely  quantum 
m echanical e f f e c t .  N eutral c lo se d  s h e l l  atoms are s p h e r ic a lly  
symmetric and th e r e fo r e  p o sse ss  n e ith e r  a n e t  charge nor any e l e c t r i c  
moment. I f  th ey  are con sid ered  as c l a s s i c a l  s t a t i c  system s, c l a s s i c a l  
id ea s  provide no mechanism to  even p r e d ic t  an in t e r a c t io n . However, 
th ere  i s  ample p h y s ic a l ev id en ce to  in d ic a te  th a t some in te r a c t io n  
does take p la c e , the b ehavior o f  r e a l g ases being  a prime exam ple.
Quantum theory w ith  i t s  " zero -p o in t motion" provides th e  
on ly  source o f  th ese  in t e r a c t io n s .  I t  says th a t e le c tr o n s  according  
to  the u n ce r ta in ty  p r in c ip le  must be in  co n sta n t m otion . These 
m otions c rea te  in sta n ta n eo u s d e v ia tio n s  from th e homogeneous sp h e r ic a l  
charge d is tr ib u t io n  and thus produce momentary e l e c t r i c  moments.
When an e l e c t r i c  moment i s  produced in  a nearby atom, e ith e r  by 
in d u ctio n  or by the motion o f  i t s  own e le c tr o n s ,  the moments o f  the 
two atoms in te r a c t  in  such a way as to  lower the energy o f the system
and lead to  an a t t r a c t io n .  The predominant e f f e c t  i s  an a t t r a c t io n  
between d ip o le s  behaving as R 6 . In in te r a c t in g  through th ese  
e l e c t r i c  moments the m otions o f  the e le c tr o n s  on one atom become 
c o rre la ted  w ith  th e m otions o f  th e e le c tr o n s  on the o th er . Con­
seq u en tly , one can c a lc u la te  th ese  d isp e r s io n  fo rces*  by tr e a t in g  
them as a tw o -cen ter  e le c tr o n  c o r r e la t io n  problem .
LONG-RANGE INTERACTION
M u ltip o le  E xpansion .--We now co n sid er  two c lo se d  s h e l l  atoms 
fa r  enough apart so th a t th ere  i s  no overlap  o f  th e ir  e le c tr o n ic  
ch arges. The H am iltonian would be g iven  by
h = ha + hb + u ( r ) , (1)
where and Hg are the atom ic H am iltonians o f  the is o la te d  atom s, 
and U(R) i s  th e long-ran ge in te r a c t io n  o f  the two cen ters  A and B.
I t  i s  w e l l  known [1 0 ] th a t t h is  in te r a c t io n  can be expressed  as a 
m u ltip o le  expansion
U(R) = Z°° ZOT (2)
4=0 L=0
4where th e 4L-term a r is e s  from th e in te r a c t io n  between a 2 -p o le  on one
Lcen ter  w ith  a 2 -p o le  on the o th er . These in te r a c t io n s  in v o lv e  
in d iv id u a l p a ir s  o f  e le c tr o n s  and can be w r it te n  in  a form due to
*The a c tu a l c a lc u la t io n  i s  done on the energy, but we w i l l  
conform to  th e  accepted  m isuse o f  the word "force"  in  r e fe r r in g  to  
them.
Rushbrooke [1 2 ]
Y“? . , Y™/
" .. .  = s  1 . 1 .  s  — 1T.T?-  B „  (3 )£L ip  i  p ^jL r A+L+1 Hit m=_a  [ ( X-bn) i( i -m )  i(L-hn) l(L-m) 1 ] 9
where b hl  v ^ + i r f i l + t t
o' i s  the sm aller  o f  H and L, q i s  th e e le c tr o n  charge, i  and p are 
e le c tr o n s  on sep ara te  c e n te r s , and the Y^'s are sp h e r ic a l harm onics.Xj
I f  we take th e Z -ax is a lon g  the in ter n u c lea r  a x is  and co n sid er  on ly  
the R""s (d ip o le )  p a rt o f  th e d isp e r s io n  fo r c e s , th is  becomes (u sin g  
atom ic u n it s )
W, = E w. /, vd ip  ip  , (4 )
,  8 tt nwhere w. = -    r . r  0 .  ,
ip ^ R3 i  P ip
and ©ip  = 1 /2  Y ^ d J Y ^ p )  + Y ° ( i ) Y° ( p)  + 1/2 Y i ( i ) Y ^ ( p )
In ter -a to m ic  E q u ation s. - - I n  d e r iv in g  the in ter -a to m ic  
eq u ation s n ecessa ry  to  determ ine d isp e r s io n  fo r c e s  we fo llo w  the  
arguments o f  th e M any-Electron Theory fo r  atom s, u s in g  an appropriate  
tw o -cen ter  w avefunction  and th e ex a c t H am iltonian*, equation  ( l ) ,
* to  use a p e r tu r b a t io n -lik e  form would be an unnecessary  
co m p lica tio n  from a com putational s ta n d p o in t, as poin ted  out p r e v io u s ly .
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to  a r r iv e  a t  th e in ter -a to m ic  e q u iv a len t o f  equation  ( I I I : 2 8 ) .  
However, s in c e  E ^  does n o t co n tr ib u te  to  d isp e r s io n  fo r c e s , we may 
d ea l w ith  on ly  ER(x ) a t  o u t s e t .  Equation ( i l l : 28) would then  
be w r itte n
The p r in c ip le  d if fe r e n c e  between th e p resen t in ter -a to m ic  case and 
th e p receed in g  atom ic d is c u s s io n  occu rs in  the ch o ice  o f  the c o r r e la t io n
c o r r e la t io n s  between p a irs  o f  e le c tr o n s  are presumed to  be the major 
e f f e c t .  However, now th ere  are two typ es o f  p a ir  fu n c tio n s: th ose
rep resen tin g  in tra -a to m ic  p a ir  c o r r e la t io n s  o n ly , and th ose  rep re­
se n tin g  in ter -a to m ic  p a ir  c o r r e la t io n s  o n ly . Once a c o r r e la t io n  
w avefunction  o f t h is  form i s  put in to  equation  ( 5 ) th e r e s u lt in g  
e x p ress io n  can be tr e a ted  in  a V a ried -P ortion s way and s e le c te d  p arts  
m inim ized. However, in  the case  o f  d isp e r s io n  fo r c e s  we are d e a lin g  
w ith  in te r a c t io n s  (o r  energy c o n tr ib u tio n s )  th a t are very weak to  
b eg in  w ith , so i t  i s  no longer n e c e s s a r i ly  tru e  th a t the m an y-electron  
e f f e c t s  in  th e  energy ( t r ia n g le s  and h igh er  order diagram s) are sm all 
r e la t iv e  to  th e p a ir  in t e r a c t io n s .  In f a c t ,  one purpose o f  the c a l ­
c u la t io n  done here i s  to  in c lu d e  the cou p lin g  o f  the two typ es o f  p a ir s  
in  the minimized p o rtio n  o f equ ation  (5)*  We now develop  the s p e c i f ic  
equ ation s corresponding to  th e se  g en era l comments.
2<f°|H A« B+u |x ' )  +  <x;|HA-EA-fflB-EB+U|x ;>
(5 )
w avefunction  . F o llow ing  the same arguments as in  the atom ic c a se ,  s
h i
VARIED-PORTIONS RESULT FOR HELIUM-HELIUM
The w avefunction  o f  two helium  atoms in te r a c t in g  a t large  
d is ta n c e s  i s  w r itte n  as
7 = Y ° + X s  ’ (6)
where Y° = > a product o f  the H artree-Fock w avefunctions o f
the sep arate atom s, and i s  g iven  bys
*s -  + + + ?  + = f5 ipSJv) ■* (T)9 P P
J»V
The f i r s t  th ree  terms are in tra -a to m ic  c o r r e la t io n  w avefunctions and 
th e ir  un linked c lu s t e r .  The l a s t  terms are the in ter -a to m ic  
in te r a c t io n  and in c lu d e  a l l  such c o n tr ib u tio n s .* *  Now, remembering 
th a t we are o n ly  co n sid er in g  the d ip o le  c o n tr ib u tio n  to  the d isp e r s io n  
fo r c e , which accord in g to  ©ip  o f  eq u ation  (^ ) in v o lv es  Y™ sp h e r ic a l  
harm onics, we conclude th a t {6^ } f ° r helium  must a ls o  on ly  in clu d e
* i j  on cen ter  A, pv on cen te r  B.
**{ui p } = cf a  {r (A ; i )r (B ;p )u ip }
{uipUjv3 = M  {r (A ; i j )r (B ;p v )u ipUJv 3
1
U-8
atom ic p - o r b i t a l s .  Furtherm ore, as Parr has shown [13]> the coulomb
in t e g r a ls  between two p -o r b ita ls  on sep arate  c en ters  fo llo w  an
asym p totic  expansion  in  R 1 a t  la rg e  se p a r a t io n s . U sing t h is  we
can e a s i l y  show th a t the in ter -a to m ic  p a ir  fu n ctio n  a t  large
sep a ra tio n s  behaves as R 3 . We w i l l  th er e fo re  la t e r  fa c to r  t h is
dependence out o f  .
To s im p lify  n o ta tio n  l e t  us d e fin e  a = (u 1 £ |u l 2 ) ,
b = <U34 |u 34 ) ,  and c = S (u , |u . ) .  Then when we put equation  (7)
ip P P
in to  eq u ation  ( 5 ) the r e s u lt in g  ex p ress io n  fo r  the in te r a c t io n  o f  
two helium  atoms i s :
,  , ,  Ca < t A l 8 i s | l ® i a J >  +  ( { " l s l l 1 4  ‘  EHF +  x
Er (x ' )  = ---------------------------------------------------------------------------------------------------
l + a + b + c  + ab + . . .
[2<l|f°|g34l {«34}> + <{"34}|TB - + g34|{«34}>] x C1+b]
l + a + b  + c + a b + . . .
j v
+ - ' ' 11 " “_T ""   “   ■ ■ ■ 1 ' T "
l  + a +  b +  c + ab + . . .
+  (co u p lin g  terms and terms p ro p o rtio n a l to  R~n fo r  n > 6 ) ,  (8 )
where e le c tr o n s  1 and P. are on cen ter  A, and 5 and J|- are on cen ter  H.
A  HSince we are u s in g  the ex a c t H am iltonian, the op erators 1 and T
are d efin ed  as
T* -  -  Z ( |  Vf + — -) > (9)
tB  = -  2 ( |  Vj + ~ )  , (10)
P P
A Bw ith  Egp and E^, g iven  by,
= <**1^  + Sl2 l*A> ( I D
Note th a t t h is  ex p ress io n  co n ta in s  p arts  which look l ik e  
the p a ir s  o f  th e  atom ic c a se , excep t th a t here no H artree-Fock op erators  
appear. We use the ex a c t H am iltonian and id e n t i f y  p a ir s  on ly  by the  
appearance o f  a p a ir  fu n c tio n  in  the w avefunction; i t  i s  n o t n ecessa ry  
to  fo rce  th e appearance o f  a p a ir -o p era to r*  to o . There are two 
in tra -a to m ic  p a ir s , four in ter -a to m ic  p a ir s , and cou p lin g  term s. The 
n orm a liza tio n  term s, a and b , are much sm aller  than 1, and c v a n ish es  
as R_s a t  la rg e  s e p a r a t io n s . I t  has been shown th a t under th ese  
circum stances the denom inator w i l l  e f f e c t i v e l y  ca n ce l the n orm a liza tio n
*Such as the (e^ + e ,  + m^.) o f  equation  ( l l l : 4 0 ) ;  a l s o
see  fo o tn o te , page ^5*
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term in  the numerator [3 ] so th a t a good approxim ation to  equ ation  (8 )  
i s  g iven  by
= S la  1 °34 , 'is  £ l3 (R S ) , c  . (1 3 )
1+a+c 1+b+c 1+a+b+c
where e l2  = 2<0l 2 (cp1cp2 ) |g 1 2 | {ul 2 }> + <{u12} |TA-E^F+g1 2 | {ul 2 }> , ( l 4 )
634 “ 2<QG4(cp3cp4) | g3 4 | { U 3 4 } )  +  ( { u 3 4 } | T  -EHF+g34 1 {u3 4 } ) , ( 15 )
e l 3 (®~6 ) " +  <Cfi1 3 } |TA"E| F+TB"EHF+g124« 3 4 |{ u 133) (16)
and ft = (co u p lin g  terms and terms p ro p o rtio n a l to  R n fo r  n > 6 ) .  (1?)
The fa c to r  o f  four a r is e s  because a t  the d is ta n c e s  con sid ered  a l l  four  
in ter -a to m ic  p a ir  c o r r e la t io n s  are e q u iv a len t and on ly  one needs to  
be c a lc u la te d .
I t  would be c le a r e r  to  v i s u a l iz e  eq u ation  (13)  in  terms o f  
tw o -cen ter  diagram s. These are con stru cted  analogous to  the e a r l i e r  








. « < * -■ >  -  0 0  + 0 = 0  + 0 = 0  < a »
A B A B A B
- 0 0  + 0 0  + ( M )
A B A B A B
♦ (3X0 + 0 0  + ... ( 2 1 )
A B A B
where the d o tted  l in e  now s i g n i f i e s  r” l  in s tea d  o f  m ^ because we 
are u s in g  th e ex a c t H am ilton ian . From t h is  we see  th a t e12 and 634 
do n o t have any R-dependence and need n o t be con sid ered  fu rth er  
in s o fa r  as d isp e r s io n  fo r c e s  are concerned. Except fo r  a minor 
n o rm a liza tio n  c o r r e c t io n ,
the on ly  p art we need concern o u r se lv e s  w ith  when ap p ly ing  the V aried- 
P ortio n s Approach i s  e 13 and R.
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Now, an im portant p o in t i s  r a ise d  h ere . Note th a t  th ere  
are c o n tr ib u tio n s  which con ta in  p arts  n o t on ly  behaving as R"6 but 
a ls o  as h ig h er  powers o f  R 1 . S ince we w ish  to  c a lc u la te  on ly  the  
d ip o le  (R 6 ) co n tr ib u tio n  to  th e d isp e r s io n  fo r c e , the V a r ied -P o rtio n s  
Approach m inim izes on ly  th a t p art o f  ( e l3  +  ft) which behaves as R~s .
But, th ere  i s  the q u estio n  o f whether t h i s  p art i s  independent o f  
e f f e c t s  which vary as h igh er  powers o f  R"1 .
We can e a s i ly  prove t h is  by co n s id e r in g  the com plete  
Ep( x / ) .  I f  a l l  m u ltip o le  terms o f  U(R) had been co n sid ered , the
K  S
t o t a l  e13 would c o n s is t  o f  the fo llo w in g  c o n tr ib u tio n s
e l3  = ex3 (d ip o le -d ip o le )  + e i 3 (d ip o le -q u a d . )  +  . . .  . ( 23 )
Furtherm ore, s in c e  each o f th ese  m u ltip o le  e f f e c t s  has a s p e c i f i c  
symmetry, th ere  would be corresponding symmetry terms in  th e in t e r ­
atom ic c o r r e la t io n  w avefunction
K a } -  tu H J  + C“?3 i + • • •  ■ < * >
The f i r s t  term rep resen ts  a p -e x c ita t io n  on each c e n te r , th e second
a p -e x c ita t io n  on one cen ter  and a d - e x c ita t io n  (quadrupole) on the
o th er , and so on. Then one f in d s  in  th e expansion  o f  eq u ation  (13 )  
th a t a l l  cro ss-term s between th e v a r io u s c o n tr ib u tio n s  v a n ish  u n t i l  
terms o f  the form
53
<{U l3}|W i3|C ui3}> ^ 0 (25 )
occu r. T his produces th e f i r s t  sym m etry-coupling e f f e c t  and behaves 
as R 1 1 . C onsequently, one i s  j u s t i f i e d  in  tr e a t in g  n o t on ly  R 6 , 
but a ls o  R 8 and R 10 in te r a c t io n s  se p a r a te ly  in  the m in im ization  
p r o c e s s .
There i s  one f in a l  s im p li f ic a t io n  p o s s ib le  i f  one co n sid ers  
the eq u iv a len ce  o f  in ter -a to m ic  p a ir s .  In and o f  equation  (M  
one needs on ly  to  in c lu d e  one o f  the th ree  term s, s in c e  th e c o e f f i c i e n t s  
in  ©. d e fin e  the r e la t iv e  c o n tr ib u tio n s  o f  the o th er  two. In la t e r
ip
c a lc u la t io n s  we w i l l  use on ly  the Y ° ( i )  Y °(p ) term .
I f  we d e fin e
s i n (R' a )  -  © = = ©  ( 2 6 )
RIV(R 'S ) -  ( T ^ O  (2 7 )
Qj-tR*6 ) -  ( 2 8 )
-  0 ~ t j )  ’ (29)
the t o t a l  helium  R 6 in te r a c t io n  i s  g iven  by-
Er (R~6 ) = ^ 1 3  + 8RI I I  + l6RIV + 8QI  + 8QI I  +lfN
1 +  a + b
where the c o e f f i c i e n t s  are sim ply th ose  n ecessa ry  to  in su re  th a t the  
proper numbers o f  each diagram are in c lu d ed . In th e c a lc u la t io n s  
d escr ib ed  n e x t , the V a r ied -P o rtio n s Approach i s  a p p lied  to  t h is  
eq u a tio n .
V. HELIUM-HELIUM CALCULATION
COMPUTATIONAL DETAILS
We now d escr ib e  a c a lc u la t io n  based on equ ation  ( i l l : 23) 
to  ob ta in  the R 6 energy c o n tr ib u tio n  to  the d isp e r s io n  " forces"  
between two helium  atom s. This eq u ation  g iv e s  th e t o t a l  R~s  
in te r a c t io n  as
£24 + 2Rttt + f^t-T-rT + + ^TT
eJ r"6 ) = 4 x 111 17 1 11 + 4 n , (1 )K '
1 + a + b
where the four i s  fa c to red  out because a l l  fou r in te r -a to m ic  p a ir s  are 
e q u iv a len t a t  the d is ta n c e s  con sid ered ; on ly  one, here d esign ated  
as the 2 , b  p a ir , needs to  be c a lc u la te d . The q u a n tity
J = 624 + + ^ I V  + ^ 1  + ^ 1 1
i s  then tr e a ted  in  a V a r ied -P o rtio n s Approach and the fo llo w in g  th ree
segm ents made s ta t io n a r y :
I .  624 on ly
i i .  624 **" aRIIX
I I I .  624 -t" ^^XII "^^ IV *
A fter  the v a r ia t io n a l problem i s  so lv e d , the n o rm a liza tio n  c o r r e c tio n
and o th er  terms l e f t  out a t  each o f th ese  s ta g e s  are then computed
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and added in  to  g e t  tha t o t a l  R 6 en ergy .
The m any-electron w avefu n ction s are co n stru cted  from one- 
e le c tr o n  sp in  o r b i t a l s .  T heir s p a t ia l  part i s  d e fin ed  as
where & and m denote the symmetry sp e c ie s  and su b -sp e c ie s  r e s p e c t iv e ly ,  
and a  la b e ls  o r b ita ls  n o t d is t in g u is h a b le  by symmetry a lo n e . The 
r a d ia l fu n ctio n  i s  expanded in  terms o f  a norm alized S la te r  type 
b a s is  s e t ,
P . ( r ) = 2 c . R. ( r )  ot Hr aSLv j£p ( * )
w ith R (r )  =
( 2 ^ / V 1
<2 V :
1/2
rv l  v ( 5 )
where U. i s  the quantum number o f th e S la te r  fu n c t io n . These
*»P
fu n c tio n s  are norm alized such th a t ,
57
The sp in  o r b ita l  i s  obtained  by m u ltip ly in g  the s p a t ia l  o r b it a ls  by 
e ith e r  an a  or 0 sp in  fu n c t io n . A p -sp in  o r b ita l  i s  d is t in g u ish e d  
from an cv-spin o r b ita l  by a bar,
W 1 ) 0 ( 1 ) = W i )  ( 8 )
u ( i )  “ ( i )  = W °  • {9 )
From th ese  sp in  o r b ita ls  each p art o f  the w avefunction  in  
eq u ation s (IV :6 ) and (IV :7 ) i s  con stru cted  as a l in e a r  com bination  
o f  S la te r  determ inants w ith  c o e f f i c i e n t s  chosen to  s a t i s f y  the 
symmetry requirem ents fo r  each p a r t ic u la r  p a r t . The symmetry o f  
the ground s t a t e s  o f  each atom i s  taken to  be 1 S, so th e u n correla ted  
p art o f  th e w avefunction  fo r  the in te r a c t in g  system  i s  j u s t  a product 
o f 1 S s in g le  S la te r  d eterm in an ts,
Y° = 0^(cplo o (3 ) c p io o ^ )) » (10)
where the f i r s t  two e le c tr o n s  are on cen ter  A and the second two on
cen ter  B. S ince the overlap  i s  presumed n e g l ig ib le ,  antisym m etry
between cen ters  i s  n o t req u ired .
The in tra -a to m ic  c o r r e la t io n  p art o f  fo r  each cen ters
must a ls o  be 1 S symmetry. We can w r ite  fo r  cen ter  A,
{u } = E CR Yk + Q ( U )
J k
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where the are a l l  th ose  XS l in e a r  com binations o f  S la te r  d e te r -  
m inants con stru cted  from on ly  I  -  1 o r b i t a l s .  The fi then co n ta in s  
a l l  o th er  lin e a r  com binations o f  S la te r  determ inants and i s  a ls o  1 S
symmetry. The are the c o n fig u ra t io n  m ixing c o e f f i c i e n t s  which
K.
must be determ ined by a c a lc u la t io n  on a s in g le  atom. A ty p ic a l K.
would be g iv en  by
[ “ ‘A ' f c . i i  ( l ) c p i i . i ( 2 ) ) - H / ( c p n 0 ( l ) c p 1 1 o ( 2 ) ) - (/ ( c p i i _ 1 ( l ) c p l l x ( 2 ) ) ] .  ( 1 2 )
For cen ter  B one would have id e n t ic a l  fu n c t io n s .
The in ter -a to m ic  c o r r e la t io n  p art o f  the w avefunction  need 
on ly  s a t i s f y  the symmetry o f  the p er tu rb a tio n , ®£p* Since we have 
a lread y  e s ta b lis h e d  th a t th e R*"6 in te r a c t io n  in v o lv e s  p - e x c it a t io n s ,  
on ly  H = 1 sp in  o r b ita ls  are used to  c o n str u c t the S la te r  determ inants  
in  t h is  p a r t . The consequence o f  t h is  i s  th a t th e Q part o f  {u ^ j} , 
equation  ( 11) ,  w i l l  n o t mix w ith  the in ter -a to m ic  c o rr e la te d  w avefunction
and can be n e g le c te d . Furtherm ore, one does n o t even need a l l  o f  Y„.K.
S ince th e r e la t iv e  c o n tr ib u tio n s  o f  th e determ inants are d efin ed  by 
the square o f  the c o e f f i c i e n t s  in  ®^p» see  eq u ation  (lV:i<-), we choose 
to  use on ly  the [C^(cpa l o (l)cpa l o ( 2 ) ) ]  p art o f  each YK. The energy  
obtained a t  each o f  the th ree  s ta g e s  w i l l  then have to  be m u lt ip lie d  
by 3 /2  to  g e t  the t o t a l  en ergy . T h erefore , the c o n fig u ra t io n s  used  
to  account fo r  in tra -a to m ic  c o r r e la t io n  on atom A w ere,*
*Antisymmetry w ith in  p a r e n th es is  i s  im plied and e le c tr o n  
numbering om itted from now on.
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! •  ( 9 n 09 i i 0 )
2 . (cp cp )
V3 2l O 210
3 . “tt- (cp cp ) ;
V5 3jO 3iO
and, id e n t ic a l  c o n fig u r a t io n s  were used fo r  atom B.
The s ix  c o n fig u r a t io n s  used in  t h is  c a lc u la t io n  to  account 
fo r  in ter -a to m ic  c o r r e la t io n  were ( fo r  a 2 ,4 - p a ir ) ,
1 • (9 i  oo9i i o K 9 i oo9i i o ^  (13)
(cp! 0 0 9 2 1 0 ^ 9 l 0 0 9 2 1  o )  ( l 4 )
3* (% 004*31 O 9 l 00931 o ) ( 15)
^ 9 l0 0 9 l10 ) (91009210) ( 9 l  009210 ) ( 9 l  0 0 9 l1 o ) ( 16)
5* (cPlOOCP llO ^ <:ft- 009310) +  (cPlOOcP 3 lo )(cPlOOcP n o ) (IT)
^ * (91009210 ) ( 9 l  Oo93l O ) ■*■(91 Oo931 O ) ( 9 l 00921 o ) ( 18 )
I t  i s  im portant to  n o te  a t  t h i s  p o in t th a t ,  a lthough i  = 1 o r b ita ls  
are used in  both the in tra -a to m ic  and in ter -a to m ic  p a r ts , th ese  
o r b ita ls  are d if f e r e n t  from each o th e r , as d is t in g u ish e d  by the prime
6o
on th e  l a t t e r .  In ter -a to m ic  c o r r e la t io n  in v o lv e s  e le c tr o n  d e n s ity  
more in  the ou ter  reg io n s  o f  the atom, whereas in tra -a to m ic  c o r r e la ­
t io n  tak es p la ce  more in  the in n er r e g io n s . C onsequently, in tra -a to m ic  
c o r r e la t io n  o r b it a ls  are n o t s u ita b le  fo r  d e scr ib in g  in ter -a to m ic  
c o r r e la t io n .
The t o t a l  w avefunction  i s  con stru cted  by adding to g e th er  
a l l  the above p a rts  w ith  t h e ir  m ixing c o e f f i c i e n t s  to  g iv e
i  = c 0t °  + ♦“ ( x? y  ) + ( x? dk ^  + (“ £ £ £ * )  (1 9 )
p=l r r 1=1 K=1
where th e Y  ^ and Y are the in tra -a to m ic  s in g le  S la te r  determ inants
P 1 
w ith  th e ir  symmetry c o e f f i c i e n t ,  i . e . ,  and the (j,R are the in t e r ­
atom ic c o n fig u ra t io n s  in  eq u ation s (13) -  (1 8 ) .  In c lu d in g  the  
unlinked  c lu s te r s  in tro d u ces no new m ixing c o e f f i c i e n t s .  For in s ta n c e , 
in  an in tra -a to m ic  un linked  c lu s te r  a t y p ic a l  term i s ,
C4C Y.Y (20 )i  p i  p
w h ile  in  an in te r -a to m ic  unlinked c lu s te r  a ty p ic a l  term i s ,
djV A  • <21)
For th e Y° o r b it a l s  we used th e B agu s-G ilb ert b a s is  s e t  [ll+ l 
d efin ed  in  Table I .  The in tra -a to m ic  m ixing c o e f f ic ie n t s  and o r b ita ls
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were taken from S a b e l l i  and H in ze 's  m u lt ic o n fig u r a t io n a l c a lc u la t io n  
o f  th e  c o r r e la t io n  energy o f  th e  helium  atom [1 5 ]-  T heir c o e f f ic ie n t s  
had to  be renorm alized fo r  our c a lc u la tio n ., s in c e  our th eory req u ires  
C0 = 1 . U sing th e  r e s u lt s  o f  t h e ir  f in a l  c a lc u la t io n , an ex a c t p a ir  
c a lc u la t io n  o f  th e c o r r e la t io n  energy o f  th e helium  atoms was 
ca rr ied  out u s in g  a l l  o f  th e ir  c o n fig u r a t io n s  ex cep t th ose  in v o lv in g  
f - o r b i t a l s .  A v a lu e  o f  -0.CA-07 a .u .  was found. S in ce the S + P + D 
l im it  fo r  the c o r r e la t io n  energy i s  con sid ered  to  be - 0 . 0^10 a .u .  [ 16] ,  
th ese  in tra -a to m ic  m ixing c o e f f i c i e n t s  and o r b it a ls  were considered  
to  be optimum and th ey  remained f ix e d  throughout our c a lc u la t io n .
In Table I I I  we l i s t  the c o e f f i c i e n t s  needed from S a b e l l i  and H in ze's  
work, ren orm alized .
The in te r -a to m ic  m ixing c o e f f i c i e n t s  and exponents fo r  the  
in te r -c o r r e la te d  o r b ita ls  were determ ined in  our c a lc u la tio n *  We 
con stru cted  each o f  th e se  o r b it a l s  w ith  on ly  one S la te r  type fu n c tio n . 
Sin ce the c o r r e la t io n  energy was found to  be ra th er  in s e n s i t iv e  to  the  
o r b ita l  exp on en ts, they were determ ined once and fo r  a l l  a t  sta g e  I .  
Table IV l i s t s  our b a s is  s e t  and Table V co n ta in s  the in ter -a to m ic  
m ixing c o e f f i c i e n t s  ob ta in ed  a t  each s ta g e  in  th e c a lc u la t io n .  The 
r e s u lt s  fo r  th e R~6 in te r a c t io n  ob ta in ed  from th e th ree  s ta g e s  o f  the  
c a lc u la t io n  are summarized in  T ables VI -  V III .
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TABLE I 
B agus-G ilbert Basis Set
A. C o e f f ic ie n ts B. Exponents C. Quantum Number
c 1Q1 = 1.3621 S01 = ! ^ 5 0 11T~iO
c l0 2  = -0 .1 0 7 2 4 §02 = 2 .641 ft 02 “ 2
Cj03 = _0 .2 8 l8 9 §03 = 1-723 =3" 0 CO II ro
TABLE II
Hinze p -o rb i ta l  Basis Set fo r  cp 10
A. C o e f f ic ie n ts
C1X1 = 1.24659 c2 l l  = 2 .44713 C311 = 2.22774
c i 12 = -0 .3 1 3 7 8 c212 = -1 .7 4 5 4 0 C312 = O.29I86
C113 0 . oil-570 c2i 3 = -0.43626 C3l 3 = 2 .I1-I4-20I4
C114 =
0.00070 C214 = -0-56693 C3l 4 = -4 .88266
B. Exponents c. Quantum numbers
S n = 2.5834 ftn = 2
Si 2 = 3-6413 ftl2 = 2
Si 3 = 5.5308 ftl3 = 3
Si 4 = 5.7217 ftl4 = 4
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TABLE I I I
Hinze C on figu ration  Mixing 
C o e ff ic ie n ts  (renorm alized )
q  = -.06212 
c2 = -.01085 
c3 = -.00263
TABLE IV 
Our B a sis  S et fo r  cp^ l0
A. C o e f f ic ie n ts
C11X = 1.00000 ca i l  = 0.00000 C3 X1 = 0.00000
ci  12 = 0.00000 C212 = 1.00000 C312 = 0.00000
C113 = 0.00000 C213 53 0.00000 C313 = 1.00000
B. Exponents c . Quantum numbers
5xi 1 .285  t in  2
5x2 = 1*500 U12 = 3
§l3  = 1 .500 n13 = h
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TABLE V
In ter -a to m ic  C onfiguration  
M ixing C o e ff ic ie n ts
1 2 3 4 5 6
Stage I  
Stage I I  




















The R~s  C o e f f ic ie n t  Obtained 
a t  Stage I
4 ea4 -1 .6 6 4 0  a .u .
8 Ri n .1227
16 .1734
T ota l -1 .3 6 7 9
6 5
TABLE V II
The R 6 C o e f f ic ie n t  Obtained 
a t  Stage I I
^ 6 2 4  "** ®^III - I . 5 5 0 6  a .u .
V&&2J .1607
T ota l . -1 .3 8 9 9
TABLE V III
The R 6 C o e f f ic ie n t  Obtained 
a t  Stage I I I
^ 6 2 4  + l6Rj^ -1 .39^ 8  a .u .
SQj - 0 . 0 0 1 3
8q z -0 .0 0 1 1
-1 .3 9 7 2
Renormalized  
(1  + a + b = 1 .0161)
h  n
-1.5751
. 0 5 0 8
T ota l - 1 .3 ^ 3
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TABLE IX
Wahl B a sis  Set fo r  cp' _cvi o
A. C o e f f ic ie n ts
c x l l  =  1.00000 c2 l l  = 0.00000
c l l 2  = 0.00000
C2 l 2  =  i * 0 0 0 0 0
B. Exponents C. Quantum numbers
5 x x  =  1*90 7* i-1 H* II ro








B asis Set fo r V aio
A. C o e f f ic ie n ts
cl i i  = 1*00000 c211 = 0.00000
c l l 2  = 0.00000 c2 l2  = 1.00000
B. Exponents C. Quantum numbers
h i  = i - 60
F,12 = 1.60




Schaefer and Wahl M ixing C o e ff ic ie n ts *
Dj D2 D3
S chaefer .09^69 . I 5 k l b .O53IO
Wahl . 130^9 .7^170 -.2 7 5 8 9
*T heir Dx , D2 , and D3 c o n fig u ra t io n s  are con stru cted  the 
same as our Dx , D2 , and D4 c o n fig u ra t io n s  eq u ation s ( 13)> (l^-)> 
and ( 16) .
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DISCUSSION
This c a lc u la t io n  i s  the f i r s t  to  ob ta in  th e fo u r -e le c tr o n  
c o n tr ib u tio n s , and Qjjj  to  the d isp e r s io n  in t e r a c t io n . Although  
th ey  were sm all as p red ic ted , i t  i s  n ecessa ry  to  in c lu d e  them to  
o b ta in  an upper bound to  Cs * ; our v a lu e  i s  found in  Table V III .
A lso , t h i s  i s  the on ly  M any-Electron Theory c a lc u la t io n  o f  d isp e r s io n  
fo r c e s  th a t a llow ed both ex p o n en tia l and lin e a r  v a r ia t io n s  in  th e  
w avefunction  when the energy was made s ta t io n a r y . The s in g le  prev iou s  
work o f  t h is  type [1 7 ] used on ly  l in e a r  param eters. In p a r t ic u la r ,  
the o r b ita ls  used th ere  to  account fo r  e le c tr o n  c o r r e la t io n  were 
expressed  as a power s e r ie s  in  the e le c tr o n ic  coord in ate  tim es the  
zero -ord er  H artree-Fock o r b i t a l .  S ince i t  req u ires  a large  number 
o f  terms (r e fe r e n c e  [ 17] used on ly  th re e ) in  such a s e r ie s  b efo re  
l in e a r  v a r ia t io n  w i l l  a f f e c t  th e  e le c tr o n  d e n s ity  as much as the  
v a r ia t io n  o f  a s in g le  exponent, th ere  e x is t e d  some q u estio n  as to  
whether t h is  e a r l i e r  c a lc u la t io n  ad eq u ately  accounted fo r  e le c tr o n  
c o r r e la t io n . Our c a lc u la t io n  does n o t s u f fe r  from t h is  o b je c t io n ,  
and we w i l l  la t e r  e la b o ra te  on the r o le s  o f  in tra -a to m ic  and in t e r ­
atom ic c o r r e la t io n  in  d isp e r s io n  fo rce  c a lc u la t io n s .
We a ls o  had as a major aim th e developm ent o f  a computer 
program w ith  broad c a p a b i l i t i e s  in  th e area o f  d isp e r s io n  fo rce  
c a lc u la t io n s .  The one produced and used here i s  q u ite  g en era l and 
d esigned  to  a u to m a tica lly  "construct"  from a g iven  s e t  o f  c o n fig u r a t io n s
*The d isp e r s io n  in te r a c t io n  c o e f f i c i e n t s  w i l l  be r e ferred  
to  as C6 , C8 , and C1 0 .
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a l l  the diagrams a r is in g  in  the th eory . I t  then in trod u ces a n t i ­
symmetry on each cen ter  and computes a l l  in te g r a ls  a s so c ia te d  w ith  
each diagram. Thus, one can e i th e r  sum a l l  p o s s ib le  diagrams to  g e t  
the t o t a l  in te r a c t io n , or e x tr a c t  s p e c i f i c  diagrams to  study any 
part o f  th e in t e r a c t io n . By having a c c e ss  to  each type o f  diagram  
one can take f u l l  advantage o f the independence o f  th e R_ s , R 8 , and 
R 10 in te r a c t io n s  because one can e a s i l y  c a lc u la te  on ly  th ose  diagrams 
co n tr ib u tin g  to  th e in te r a c t io n  o f  in t e r e s t .*  E xten sion  o f the th eory  
to  h ig h er  order in te r a c t io n s  and la rg er  system s i s  now q u ite  sim p le , 
and e f f o r t s  in  t h is  d ir e c t io n  are a lrea d y  underway.
But, the primary purpose o f  t h is  work was the developm ent 
o f the th eory  i t s e l f .  Previous c a lc u la t io n s  o f  d isp e r s io n  fo rce  
c o e f f ic ie n t s  a l l  su ffe r ed  from one or another in h eren t th e o r e t ic a l  
co m p lica tio n . Our in te n t io n  here was to  e v o lv e  an e le c tr o n  c o r r e la t io n  
th eory  o f  d isp e r s io n  fo r c e s  th a t was both sim ple to  app ly  and y e t  
com p lete ly  r igorou s a t  a l l  s ta g e s .  That a new approach was warranted  
i s  ev id e n t i f  one co n sid ers  the d i f f i c u l t i e s  o f  e a r l i e r  m ethods.
M olecular o r b ita l  methods u s in g  c o n f ig u r a t io n - in te r a c t io n  
w avefunctions are one type o f  c a lc u la t io n  fr e q u e n tly  used to  study
V
the in te r a c t io n  o f  two atom ic or m olecu lar system s. They t r e a t  the  
t o t a l  energy o f  th e  system  and are u s u a lly  concerned w ith  th e in t e r ­
a c tio n  a t  a l l  se p a r a t io n s . Then, when th e  c a lc u la t io n  i s  extended  
in to  th e reg io n  o f  n e g l ig ib le  o v er la p , th e  R 6 , R 8 , and R 10
*A11 c a lc u la t io n s  were done in  double p r e c is io n  on an 
IBM 36O/6 5 .
YO
d isp e r s io n  in te r a c t io n s  do n o t emerge as independent; con seq u en tly , 
the d isp e r s io n  c o e f f i c i e n t s  are not e x p l i c i t l y  produced. They can 
be obtained  from th ese  typ es o f  c a lc u la t io n s  in  an approxim ate way, 
but the v a lu e s  are never tru e bounds to  the in t e r a c t io n . Furthermore, 
a la rg e  number o f  c o n fig u r a t io n s  are n e c essa ry , lea d in g  to  com putations 
s fa r  more d i f f i c u l t  than n e c essa ry  fo r  long-ran ge in t e r a c t io n s .
check on our work, we stu d ied  two such c a lc u la t io n s ,  one by P. B e r to c in i  
and A. Wahl [1 8 ] and th e  o th er  by H. F . Sch aefer , e t  a l .  [1 9 ] , n e ith e r  
o f  which took in tra -a to m ic  c o r r e la t io n  in to  accou n t. By u s in g  th e ir  
c o n fig u ra tio n s  in  our program we were ab le  to  vary the c o n fig u ra tio n
e x tr a c t  R”6 c o e f f i c i e n t s  u s in g  t h e ir  b a s is  fu n c t io n s . The v a lu es  
o b ta in ed , -1 .5^ 79*  from Wahl and - I . 5W I from S ch aefer , are s t i l l  
n o t tru e  bounds, but they  do rep resen t the R 6 c o e f f i c i e n t  ob ta in a b le  
from t h e ir  b a s is  s e t .  The b a s is  s e t s  and m ixing c o e f f i c i e n t s  fo r  
th ese  c a lc u la t io n s  are fo u r ! in  T ables IX -  X I. We p o in t out th a t  
t h is  a n a ly s is  i s  id e n t ic a l  to  our s ta g e  I I  c a lc u la t io n , excep t th a t
we used a more e x te n s iv e  s e t  o f  c o n fig u r a t io n s . For comparison 
our s ta g e  I I  r e s u l t  was -1 .5 5 0 6 , in d ic a t in g  c lo s e  agreement a t  th is  
p o in t between our method and th e  more e x te n s iv e  c a lc u la t io n s .  
Sch aefer  had estim ated  th a t h i s  c a lc u la t io n  had a C6 o f  - 1 .5 7 .
As a m atter o f  in t e r e s t ,  though, and as an in term ed ia te
m ixing c o e f f i c i e n t s  to  make sta t io n a r y  and thus
Another common type o f  d isp e r s io n  fo rce  c a lc u la t io n  i s
*A11 v a lu e s  w i l l  be quoted in  atom ic u n it s  in  t h is
d is c u s s io n .
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based on p ertu rb ation  th eo ry , both tim e-dependent and tim e-in d ep en d en t. 
The tim e-dependent approach i s  j u s t  the o n e -cen ter  method a lread y  
d iscu ssed  a t  len gth  in  Part I .  I t  has the advantage o f  n o t need ing  
the in tra -a to m ic  c o r r e la t io n  w avefu n ction , but i t  r e s u lt s  in  a very  
d e ta ile d  com putation. Many frequency-dependent p o la r i z a b i l i t i e s  
must be c a lc u la te d  in  order to  ob ta in  the d isp e r s io n  c o e f f i c i e n t s .
T his i s  compounded by the n e c e s s i ty  to  d e f in e  and tr e a t  H artree-Fock  
op erators in  the c a lc u la t io n . Even though we have shown th a t u sin g  
a commuting p o te n t ia l  to  s im p lify  the eq u ation s should s t i l l  y ie ld  
good long-range d isp e r s io n  in te r a c t io n s , th e computer tim e required  
o f  t h is  method i s  s t i l l  s e v e r a l tim es what i s  required  w ith  our 
approach. I t s  r e s u lt s  fo r  helium  do n o t in d ic a te  i t  i s  any more 
a c cu ra te . The tim e-independ en t approach u s in g  th e  t o t a l  H am iltonian  
o f  each atom has y ie ld e d  a very  accu rate  v a lu e  fo r  C6 o f  helium , 
but i t  req u ires  knowledge o f  the ex a ct zero -o rd er  w avefunction  o f  the  
system , and so i s  u s e le s s  fo r  o th er  sy stem s. I t  i s  in t e r e s t in g  to  
n ote th a t th e u su a l va lu e  a ttr ib u te d  to  D a v iso n 's  work [2 0 ] ,  - l . k j  a .u . ,  
v io la t e s  the v a r ia t io n a l p r in c ip le  s in c e  the more recen t estim ated  
va lu e fo r  the helium  C6 i s  I .k 6 l8  + ,000k [ 2 1 ] ,  The number th a t  
should be quoted from h is  work i s  - 1 .^ 586; th e  -1 .^ 7  was obtained  
by s c a lin g  h is  p o la r iz a b i l i t y  b efo re  c a lc u la t in g  th e t o t a l  R 6 in t e r ­
a c t io n .
The l a s t  type o f  c a lc u la t io n , o f  which th ere  i s  on ly  one [IT ]» 
i s  based on a p a ir  c o r r e la t io n  th eo ry , but s t i l l  s u f fe r s  from th e  
n e c e s s i t y  o f  d e f in in g  H artree-Fock o p era tors in  a v a r ia t io n a l  th eo ry .
B esid es compounding the d i f f i c u l t y  a s  in  p ertu rb ation  th e o r ie s , th e ir  
presence in trod u ces a c e r ta in  lack  o f  r ig o r  in  a p a ir  th eo ry . This 
a r is e s  from the appearance o f  the s e l f - p o t e n t ia l  terms in  the H artree- 
Fock p o t e n t ia l .  S ince th ere  i s  no un ique, r igorou s way to  d e fin e  
p a ir  e n e rg ie s  which in c lu d e  s e l f - p o t e n t ia l  term s,*  th ey  must somehow 
be sh u ff le d  out o f  the p o r tio n  o f  th e energy m inim ized. Even though 
a scheme can be d ev ised  to  accom plish  t h i s ,  as in  r e feren ce  [ 17]» I t  
i s  b e t te r  to  remove t h is  a r b itr a r in e s s  a lto g e th e r .
To avoid  the above d i f f i c u l t i e s  th e  sim p ler  and more 
r igorou s th eory used here was d evelop ed . The groundwork was a c tu a lly  
la id  in  Part I  o f  t h is  work. There, in  co n ju n ctio n  w ith  the V aried - 
P ortion s Approach, i t  was dem onstrated th a t  th e appearance o f  H artree-  
F o c k -lik e  op erators i s  r e a l ly  q u ite  a r b itr a r y . F u lly  a p p rec ia tin g  
t h is  fa c t  a llow ed  us to  develop  th e th eo ry  in  such a manner th a t th e  
need to  d e f in e  them never a ro se ; th e e a r l i e r  p a ir  c o r r e la t io n  
c a lc u la t io n  [ 17L  although a ls o  a v a r ia t io n a l  method, never r e a l ly  
made t h is  c lea n  break w ith  H a r tree -F o ck -lik e  o p e r a to r s . But, we 
p o in t out th a t  t h is  ra th er  sim ple o b serv a tio n  was more than a m atter  
o f sem a n tics . In the case  o f  the o n e -e le c tr o n  p r o p e r tie s  s tu d ied  
in  Part I ,  i t  led  to  a unique and pow erful th e o r e t ic a l  to o l;  h e r e , 
we have used i t  to  produce an approach to  d isp e r s io n  fo r c es  which  
i s  both b e tte r  d efin ed  t h e o r e t ic a l ly  and sim p ler  to  use com p u tation a lly  
than p rev iou s m ethods.
*For in sta n ce  in  a fo u r -e le c tr o n  problem , th ere  are s ix  
p a ir s  but on ly  four s e l f - p o t e n t ia l  term s.
The num erical r e s u l t s  o f  t h is  com putation are found in  
T ables VI through V III . The f in a l  R G c o e f f i c i e n t  in  Table V III  
rep resen ts  an upper bound, but the v a lu es  obta ined  from sta g e  I  
and I I ,  T ables IV and V II, do n o t in c lu d e  n o rm aliza tion  or fou r-  
e le c tr o n  e f f e c t s  and th e r e fo r e  do n o t rep resen t true bounds to  the  
R~6 c o e f f i c i e n t .  N e ith er  does the unnorm alized v a lu e  o f  sta g e  I I I ,  
th e -1 .3 9 ^ 8  va lu e  in  Table V III , fo r  th e same rea so n s . But, a 
comparison o f th ese  v a lu e s  does in d ic a te  th e  r e la t iv e  importance 
o f  two typ es o f  p a ir  c o u p lin g . The f i r s t  type i s  cou p lin g  o f  two 
in te r -a to m ic  p a ir s  rep resen ted  by the term s, and the second
type i s  th e co u p lin g  o f  an in tra -a to m ic  p a ir  w ith  an in ter -a to m ic
term s. From sta g e  I  we see  th a t the  
t o t a l  th r e e -e le c tr o n  c o n tr ib u tio n  from both typ es o f  cou p lin g  i s  
about 21 per c e n t, w ith  th e f i r s t  terms c o n tr ib u tin g  about 9 per cen t  
and the second about 12 per c e n t . T his i s  a s ig n i f i c a n t  co n tr ib u tio n  
to  th e t o t a l ,  and some improvement can be exp ected  i f  th ese  cou p lin g  
terms are inclu d ed  in  the m inim ized p o r tio n  o f  th e t o t a l  R 6 energy .
In sta g e  I I  we in clu ded  the in t e r - in t e r  cou p lin g  and r e a liz e d  a 1 .6  
per cen t improvement over the r e s u l t  in  s ta g e  I; b u t, when the in tr a -  
in t e r  co u p lin g  was inclu d ed  in  sta g e  I I I ,  o n ly  an a d d it io n a l .3  per 
cen t improvement was found.
The r e la t iv e  s iz e  o f  th ese  improvements i s  a consequence 
o f  th e f a c t  th a t in tra -a to m ic  c o r r e la t io n  and in ter -a to m ic  c o r r e la t io n  
occur in  d i f f e r e n t  reg io n s  o f th e  atom, a p o in t we made e a r l i e r  in  
d is c u s s in g  the o r b i t a l  b a s is  s e t s  used to  d e scr ib e  the two typ es o f
c o r r e la t io n . The in tra -a to m ic  p a ir s  are a lread y  very  n e a r ly  decoupled  
from the in ter -a to m ic  p a ir s  a t  the o u t s e t ,  and in c lu d in g  th e ir  
cou p lin g  term, th e > would n o t be exp ected  to  improve the
energy g r e a t ly .  However, th a t i s  n o t tru e  o f  two in te r -a to m ic  
p a ir s .  I f  t h e ir  cou p lin g  term i s  l e f t  ou t o f  the m in im ization  s tep  
the two in t e r - p a ir s ,  in  a c t in g  in d ep en d en tly , w i l l  tend to  occupy 
the same reg ion  o f  sp a ce . T his o b v io u sly  cou p les them v ery  s tr o n g ly .  
Sin ce in t e r - in t e r  cou p lin g  terms are p o s i t iv e ,  in c lu d in g  them in  the  
m in im ization  s te p  a llo w s the two in t e r - p a ir s ,  in  a d ju s tin g  fo r  each 
o th e r 's  p resen ce , to  reduce t h e ir  m utual in te r fe r e n c e  and s ig n i f i c a n t ly  
improve th e energy . This e f f e c t  i s  a ls o  apparent in  th e s iz e  o f  the  
t o t a l  in ter -a to m ic  overlap  g iven  by,
£  <dA I dj ’, j> •
In go in g  from s ta g e  I  to  sta g e  I I  t h i s  overlap  decreased  from .1328  
to  .1 1 6 6 , about 12 per c e n t , but in  go in g  to  s ta g e  I I I  th e red u ction  
i s  l e s s .  Thus, a llo w in g  th e p a ir s  to  couple in  the v a r ia t io n a l  
p rocess n o t on ly  improves th e minimum found when th e energy i s  made 
s ta t io n a r y , but a ls o  reduces th e n o rm a liza tio n  c o r r e c tio n s  th a t  
la t e r  must be made to  ob ta in  a tru e  upper bound.
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